The network real-time differential positioning technique is a good choice for meter and sub-meter level's navigation. More attention has been paid to the Global Positioning System (GPS) and GPS + GLONASS (GLObal NAvigation Satellite System) network real-time differential positioning, but less on the GPS + BDS (BeiDou Navigation Satellite System) combination. This paper focuses on the GPS + BDS network real-time differential positioning. Since the noise of pseudorange observation is large, carrier-phase-smoothed pseudorange is usually used in the network real-time differential positioning to improve the positioning accuracy, while it will be interrupted once the satellite signal is lost or a cycle slip occurs. An improved algorithm in the position domain based on position variation information is proposed. The improved method is immune to the smoothing window and only depends on the number of available satellites. The performance of the network real-time differential positioning using the improved method is evaluated. The performance of GPS + BDS combination is compared with GPS-only solution as well. The results show that the positioning accuracy can be increased by around 10%-40% using the improved method compared with the traditional one. The improved method is less affected by the satellite constellation. The positioning accuracy of GPS + BDS solution is better than that of GPS-only solution, and can reach up to 0.217 m, 0.159 m and 0.330 m in the north, east and up components for the static user station, and 0.122 m, 0.133 m and 0.432 m for the dynamic user station. The positioning accuracy variation does not only depend on whether the user is inside or outside the network, but also on the position relation between the user and network.
Introduction
Multi-constellation global navigation satellite system (GNSS) can provide more reliable and accurate position information than the standalone Global Positioning System (GPS). Since the BeiDou Navigation Satellite System (BDS) began to provide regional services in the Asia-Pacific region at the end of 2012 [1], many efforts have been made on its combination with GPS. GPS + BDS combination has been widely used in high precision positioning [2] [3] [4] [5] and the meter and sub-meter level's navigation [6, 7] . In this contribution we will look at the application and performance of GPS + BDS combination in the meter and sub-meter level's navigation.
The real-time differential positioning technique, also referred to as the pseudorange differential positioning technique, is a good choice for the meter and sub-meter level's navigation due to its
Materials and Methods

Differential Corrections Estimation
Here the pseudorange correction from one reference station b to one satellite q can be expressed as [8] PRC 
where R is the distance between the reference station and the satellite, P is the original pseudorange observable, c denotes the speed of light in vacuum and δτ b and δτ q represent the receiver's and satellite's clock errors, respectively. δO, δT and δI stand for the orbit error, the tropospheric delay and the ionospheric delay, respectively. Since the noise of the original pseudorange observation is very large, the pseudorange observable smoothed by the DFree Hatch filter [19] is usually used as an alternative. The model provided by Zou et al. [28] is used to correct the BDS satellite-induced code bias, but it is negligible for the new-generation BDS-3 satellites [29] . The antenna phase centers of the satellite and receiver are corrected according to the information provided by the National Geodetic Survey [30] . It should be noted that the uncorrelated errors, such as hardware delay, multipath and pseudorange measurement noise, are not shown in Equation (1). Since the hardware delay can be calibrated [17] , the multipath can be reduced by a choke ring antenna at the reference station [31] , and the measurement noise can be weakened by a linear interpolation of pseudorange corrections [14] , so only a small portion will remain in the differential positioning. In order to ensure the consistence of the correction, the receiver's clock error is estimated. The estimate can be obtained as follows
where n is the number of all valid satellites at a certain epoch. Herein the "valid satellite" means the observable is not an outlier and the satellite elevation angle is larger than the pre-set cut-off angle (10 • ). δO, δT, δI and δτ i in Equation (2) are computed according to Cai et al. [32] . Then, a modified pseudorange correction can be expressed as 
Although there is residual receiver's clock error in PRC is limited, and a cross comparison of the pseudorange corrections from each reference station can be made [33] .
For the real-time differential positioning, corrections from only one reference station will be directly sent to the user. Whereas, for the network real-time differential positioning, at least three reference stations will be used to interpolate the user corrections. The adopted linear interpolation model can be expressed as [34] :
. . .
where b 1 , . . . , b n are the reference stations, x and y are the plane coordinates of the reference stations. In general, the reference station b 1 is chosen as the reference station nearest to the user. The PRCs used in the interpolation are all verified by the multiple reference consistency check [35] . Then the user correction can be calculated as follows
where the subscript u denotes the user station, B is the coefficient matrix of the right side in Equation (4), and V is the left side in Equation (4).
Position Estimation for User
Traditional Algorithm in the Range Domain
In general, the reference stations are equipped with multi-frequency receivers, and the users are equipped with low-cost receivers which may only receive a single-frequency signal. In this case, the Hatch filter [18] , using single-frequency carrier phase observation, is used to obtain the low-noise pseudorange observation, which can be expressed aŝ
where P and L denote the original pseudorange and carrier phase observables in units of meters, k is the epoch number in the filter and the initial carrier-phase-smoothed pseudorange is the original observable. ∆ is the inter-epoch single-differencing operator. Since the performance of the Hatch filter is related to the smoothing window, an empirical value of 100 s [35] is used. Furthermore, the corrected carrier-phase-smoothed pseudorange observable of the user u at the current epoch can be yielded.
where X, Y and Z are the coordinate components, and δτ u represents the user receiver's clock error. The orbit error, the tropospheric delay, the ionospheric delay and the satellite clock's error have been greatly mitigated or even eliminated by the differential processing.
Since the receiver's clock errors for GPS and BDS are different, which are marked as δτ G u and δτ B u , respectively, the matrix form of the linearized observation equation can be expressed as
where R 0 is the approximate distance between the user station and the satellite; l, m and n are the unit vectors on the line-of-sight from the station to the satellite; and G s and B s are the numbers of visible GPS and BDS satellites. The unknown estimators, dX, dY, dZ, cδτ Assume that the accuracy of the carrier phase and pseudorange observations are 0.003 m and 0.3 m for both GPS and BDS [36] , the precision of the carrier-phase-smoothed pseudorange can be derived from Teunissen [37] , and the weights for each satellite can be obtained according to the elevation-dependent weighting function given in Deng et al. [2] . In this way, the stochastic model in the adjustment is determined.
An Improved Algorithm in the Position Domain
The accuracy of carrier-phase-smoothed pseudorange depends on the selected smoothing window. Short smoothing windows may lead to large observation noise, while long smoothing windows may introduce systematic biases. Even with a proper smoothing window, the carrier-phase-smoothing procedure may be interrupted once the satellite is out of sight. By reducing the observation noise in the position domain rather than the range domain, the influence of the above situations can be greatly diminished.
The position variation of a single station can be calculated by inter-epoch single-differenced carrier phase measurements. If no cycle slip occurs, the single-differenced observation equation can be written as
where ϕ is the carrier phase observable in units of cycles and λ is the corresponding wavelength, B is the unit vector on the line-of-sight, k is the epoch number in the filter, and dX and d∆X are the correction vectors for the position and its variation. In general, the sampling interval of users is small (e.g., 1 s), thus the difference of the unit vectors in adjacent epochs are very small, almost less than 10 −4 (example of the difference of the unit vectors can be seen in Appendix A), and the first term on the right side of Equation (9) can be ignored. Equation (9) can be simplified to
The unknown estimators d∆X k,k-1 and c·∆δτ uk,k−1 are thereby solved by a weighted least squares adjustment, and the position variation is derived from
where the initial position variation vector is ∆X 0 k,k−1 = X 0 k − X 0 k−1 . X 0 k−1 and X 0 k are the initial position vectors for the previous and current epochs, respectively. X 0 k , together with the receiver's clock error of the current epoch, is obtained from the single point positioning with corrections. After the above procedure, the position variation ∆X k,k−1 can be treated as the control vector, and position results can then be computed via the Kalman filter [38] . The corresponding state equation and linearized observation model can be expressed as
where X k is the vector of the position parameters to be estimated,X k−1 is the estimated position vector in the previous epoch, and the transition matrix is an identity matrix. The dynamic noise Ω k-1 is the difference between the true value of the position variation and the single-differenced solution from Equation (10) . The covariance matrix of Ω k-1 is the covariance matrix of the single-differenced solution. L k is the vector of the corrected pseudorange observables including the receiver's clock error, B k is the design matrix and ∆ k is the vector of the observation noise. The accuracy of the carrier phase and pseudorange observations and the elevation-dependent weighting function are the same as those in the traditional range-domain algorithm. In this way, the stochastic model can be determined. The position estimation results and the corresponding covariance matrix can be computed using the following formula
where
X (k/k−1) is the predicted position vector, J k is the gain matrix, E is the identity matrix, D X (k/k−1) is the covariance matrix ofX (k/k−1) , D ∆ k is the covariance matrix of the observation noise, D X k−1 is the covariance matrix ofX k−1 and D Ω k−1 is the covariance matrix of Ω k-1 . Figure 1 gives the specific procedures of the network real-time differential positioning using the improved algorithm in the position domain. It contains two steps:
Procedures of the Network Real-Time Differential Positioning Using the Improved Algorithm
1.
Calculate the differential corrections at each reference station according to Equation (3) . After the multiple reference consistency check [35] , the correct differential corrections of reference stations are used to interpolate the user differential corrections according to the approximate user position. 2.
After getting the user differential corrections, the corrected pseudorange observables for the user can be achieved to estimate the user position. If the Kalman filter is not initialized, the single point positioning with user corrections is applied to initialize. Otherwise, X 0 k and the receiver's clock errors are computed to estimate the position variation information. Combined with the position variation information, the Kalman filter can then be carried out to obtain the position results of the current k epoch. If the position variation estimation is failed, the filter will be re-initialized by the single point positioning with user corrections. 
Results
Static Experiment
Two sets of data, defined as Data set I and Data set II, were selected in the Guangdong Province of China, as shown in Figure 2 . The data were collected from 00:00:00 to 23:59:59 (UTC, Universal Time Coordinated) on day of year 77, 2019 (18 March 2019), and from 00:00:00 to 23:59:59 (UTC) on day of year 112, 2019 (22 April 2019), respectively. The sampling interval was set as 1 s, and the cut-off angle was set at 10 • . In Data set I, the stations LVTI, HELI and SSGT were chosen as the reference stations to form a triangle network, and the other four stations were selected as the user stations. The stations SHAT and SHJU are located inside the network, while the stations HUAD and HMSC are outside. In Data set II, the stations HJGT, HZDY and YXGT were chosen as the reference stations, and the other three stations ZQGT, GMGT and JMGT were selected as the user stations. The GAMIT/GLOBK 10.6 software developed by Massachusetts Institute of Technology, Cambridge, MA, USA. [39, 40] , was used to obtain precise coordinates for all stations as the reference true values. The thresholds were derived from Przestrzelski et al. [17] , where it is indicated that most of the position errors in the network real-time differential positioning are smaller than 1 m, and the positioning accuracy are around 0.25 m in the north (N) and east (E) components, and 0.5 m in the up (U) component. Moreover, the 0.5 m threshold also coincides with the positioning accuracy requirement of "Where in Lane" in connected and autonomous vehicles [41] . Specifically, in GPS-only solution, the maximum improvement of RMS errors can be found in the N component for station SHJU, with a value of 52.8%, when replacing RD with PD. The corresponding value in GPS + BDS solution is 64.3% in the U component for station HUAD.
In addition, the RMS errors of the stations outside and inside the network have little difference, whether in GPS-only or GPS + BDS solution. This may be attributed to the short distances between the outside user stations and their neighboring reference stations. Table 1 shows the RMS errors according to the types of user stations. Remarkable improvements can be found for PD compared with RD. The overall improvements are about 37.4%, 30.9% and 37.3% in the N, E and U components, respectively. The improvements of GPS + BDS solution with respect to GPS-only solution using PD are about 24%-50%, and the corresponding improvements using RD are about 30%-60%. This, in turn, implies that less accuracy decrease can be found using PD when replacing GPS + BDS solution with GPS-only solution. In particular, the improvements of RMS errors when replacing RD with PD are 13.7%-38.1% in GPS + BDS solution, while the corresponding improvements in GPS-only solution increase. It is also indicated that PD is less affected by the satellite constellation.
The RMS errors for the inside and outside user stations have little difference. Since the outside user stations HUAD and HMSC are very close to the reference stations SSGT and HELI, respectively, their correction accuracy is comparable to that of the inside user stations.
The STD values of the network real-time differential positioning for each user station are shown in Figure 5 . An obvious decrease of STD values occurred when replacing RD with PD. The maximum improvement of PD with respect to RD can reach up to 63.3%. Similar to Figure 4 , for both PD and RD, remarkable improvements can also be found when using GPS + BDS solution instead of GPS-only solution. The STD values of GPS + BDS solution are smaller than 0.3 m, 0.3 m and 0.9 m in the N, E and U components, respectively. Improvements of GPS + BDS solution with respect to GPS-only solution are about 20%-50% for PD, and about 30%-66% for RD. Specifically, the improvements of PD over RD are 39.1%-48.6% in GPS-only solution, which are larger than those in GPS + BDS solution. This is consistent with the results in Table 1 , and further shows that PD is less affected by the satellite constellation.
In addition, the STD values for the outside user stations are similar with those for the inside ones, which also attributes to the close position relation between the outside user station and network.
The percentages of the position errors falling within predefined thresholds are given in Table 3 according to the types of user stations. From the table, one can see that the percentages of the position errors of PD are larger than those of RD in almost all thresholds. For both PD and RD, the percentage of position errors in each threshold has a higher value when using GPS + BDS solution instead of GPS-only solution. In GPS + BDS solution, the percentages of the position errors falling within ±1 m in the N, E and U components are 96.4%, 99.4% and 89.4% for RD, and 99.4%, 100.0% and 96.7% for PD. Figure 6 shows the position errors of the network real-time differential positioning and the number of observed satellites for station ZQGT. The position errors of PD fluctuate less than those of RD. For both PD and RD, the position errors of GPS + BDS solution are smaller than those of GPS-only solution. This is consistent with the results in Figure 3 . The position errors of GPS-only solution in this figure are significantly smaller than those in Figure 3 , for both PD and RD. This is attributed to the more stable and larger number of observed GPS satellites in Data set II. In GPS + BDS solution, the difference of position error fluctuation between Figures 3 and 6 is small for PD, but large for RD. Since the sufficient number of satellites guarantees the performance of PD for both two figures, the varying number of satellites in Figure 3 In GPS-only solution, the maximum improvement of RMS errors can be found in the E component for station ZQGT, with a value of 33.7%, when replacing RD with PD. The corresponding value in GPS + BDS solution is 14.2% in the E component for station ZQGT. The improvements of PD over RD in GPS-only solution are larger than those in GPS + BDS solution. Further, the improvements of PD over RD in Figure 7 are smaller than those in Figure 4 , whether in GPS-only or GPS + BDS solution. This is because the varying observed satellites have a greater impact on RD.
Data Set II
The STD values of the network real-time differential positioning for each user station in Data set II are shown in Figure 8 . The STD values of PD are smaller than those of RD, and the STD values of GPS + BDS solution are smaller than those of GPS-only solution. Remarkable improvements of PD over RD can be found when using GPS-only solution. Moreover, the improvements of PD with respect to RD in Figure 8 are smaller than those in Figure 5 . Table 4 gives the RMS errors and STD values for all user stations in Data set II. The positioning accuracy and precision of PD are better than those of RD. The overall improvements when replacing RD with PD are about 9.5%, 18.3% and 14.8% in the N, E and U components, respectively, which are smaller than those in Tables 1 and 2 The improvements of GPS + BDS solution over GPS-only solution are about 20%-30% for PD, and about 35%-43% for RD. Moreover, the improvements of PD over RD in GPS + BDS solution are smaller than those in GPS-only solution. It is also indicated that PD is less affected by the satellite constellation.
The percentages of the position errors falling within predefined thresholds are given in Table 5 for all user stations in Data set II. It can be seen that the percentages of the position errors of PD are larger than those of RD in almost all thresholds. For both PD and RD, the percentage of the position errors of GPS + BDS solution is larger than that of GPS-only solution in each threshold. 
Dynamic Experiment
A dynamic experiment was conducted in the Jiangsu Province of China. The data were collected from 2:53:47 to 3:59:59 (UTC) on day of year 112, 2019 (22 April 2019). The sampling interval was set as 1 s, and the cut-off angle was set at 10 • . The locations of three reference stations Ref1, Ref2 and Ref3 are shown in Figure 9 , as well as the trajectory of the dynamic user station. The GAMIT/GLOBK 10.6 software [39, 40] was used to obtain precise coordinates for the three reference stations. The centimeter-level accuracy reference coordinates of the dynamic user station were computed by the GPS real-time kinematic positioning (RTK) using forward and backward filters. It should be pointed out that only the GPS RTK solutions with fixed integer ambiguities were adopted as the reference true values. The network real-time differential positioning results were used to evaluate the performance of PD and RD. The performances of GPS + BDS and GPS-only solutions were compared as well. The same statistical analysis methods used in the static experiment were applied. The statistic results of the network real-time differential positioning for the dynamic user are given in Table 6 . Significant improvements can be seen when using PD instead of RD. The overall improvements are about 14.4%, 18.5% and 13.8% in the N, E and U components, respectively. The improvements of RMS errors and STD values when replacing GPS-only solution with GPS + BDS solution are about 2.5%-10% and 13%-16% for PD, and about 14%-26% and 19%-32% for RD. The improvements of PD over RD in GPS-only solution are larger than those in GPS + BDS solution, which are consistent with the results of the static experiment. It is also demonstrated that PD is less affected by the satellite constellation. Table 7 shows the percentages of the position errors falling within predefined thresholds for the dynamic user station. About 100%, 100% and 95% of the position errors falling within ±1 m in the N, E and U components, respectively; and at least 97% of the position errors falling within ±0.5 m in the N and E components, respectively. It can be seen that the percentages of the position errors of PD are larger than those of RD in most of the thresholds, especially in the small thresholds. For both PD and RD, the values of GPS + BDS solution are almost larger than those of GPS-only solution.
Discussion
GPS + BDS network real-time differential positioning using a position domain estimation method was studied in this paper. Beneficial results were obtained to show the superiority of GPS + BDS solution and PD. This contribution will enrich the application of network real-time differential positioning in the meter and sub-meter level's navigation. Furthermore, in the scenarios where gross errors often happen or ambiguity cannot be correctly fixed, the network real-time differential positioning can also provide a potential solution [42] .
The results of the experiments show that the performance of network real-time differential positioning using PD is better than that using RD. PD performs consistently even when observed satellites change frequently, as it is immune to the smoothing window and only depends on the number of available satellites. Further, it is demonstrated that PD is less affected by the satellite constellation, since the improvements of PD over RD are more obvious in GPS-only solution, and the improvements of GPS + BDS solution with respect to GPS-only solution are greater in RD, as shown in Tables 1, 2, 4 and 6. To verify this feature more intuitively, Table 8 gives the increases of the RMS errors and STD values of PD and RD when using GPS-only solution instead of GPS + BDS solution. The degrees of accuracy and precision decreases of PD are significantly smaller than those of RD, which confirms the previous inference. The possible reasons why PD is less affected by the satellite constellation than RD would be: (1) the calculated position variation is accurate enough using GPS-only solution and will not be improved much more if replaced by GPS + BDS solution. Thus, the difference between GPS + BDS and GPS-only solutions when using PD is mainly attributed to the different number of available satellites; (2) the positioning performance of RD is mainly due to the number of carrier-phase-smoothed pseudorange observations. GPS + BDS solution can provide more carrier-phase-smoothed pseudorange observations, as well as more available satellites, and thus can achieve more significant improvement.
By comparing the outside and inside user stations, one can see that the positioning accuracy variation does not only depend on whether the user is inside or outside the network, but also on the position relation between the user and network.
It should be noted that, using the same weighting strategy for both GPS and BDS satellites is not appropriate in some cases. A proper weighting strategy must be found to provide a better positioning performance of GPS + BDS solution. The least-squares variance component estimation [43] , the cross correlations between different frequencies and the time correlations between epochs have been considered to build stochastic models of GPS and BDS [44] . Wu et al. [45] further pointed out that different elevation-dependent models should be used for GEO (Geostationary Earth Orbit), IGSO (Inclined Geosynchronous Satellite Orbit) and MEO (Medium Earth Orbit) satellites in BDS. Following the above researches, a proper stochastic model for GPS + BDS combination will be investigated in the future.
The corrections of the BDS satellite-induced code bias obtained by the model in Zou et al. [28] may be different from those obtained by other models (e.g., the model in Lou et al. [46] ). The difference is caused by the different data and methods used in modeling, and it is usually small [47] . Since the BDS IGSO and BDS MEO satellite-induced code biases can almost be canceled by single-differencing between receivers [48] , and the maximum theoretical residual of BDS GEO satellite-induced code bias after single-differencing between receivers is only a few centimeters for 300 km baseline [47] ; the model differences can hardly influence the differential positioning.
